
LECTURE 5



GRAPHS Y-&
-
① a->0-

G = (V ,E) (u,v)EE if u+ Y

(UNDIRECTED (DIRECTED

Parameters : n = 1X1
-

m = IE1 < m

Example : Facebook friend graph
& n = 2 . 91 billion usere

↑ ang user has 338 friend
m = 500 billion edges



Representing GraphsOn Computers

V =21 . - n}
(1) Adjacency Matrin Representation
-i ↓ I if Lij EI

i[ti I Aij = E O otherwise
=n=)

(2) Adjacency List Representation
= list of neighbore for every verter

- #- 12 ,3)
⑪- 2> 33

2+ s]



djacency Matrin Adjacency Lists

Size (ri) epace O(n + m) space

Is (u
,v) EE ? O(1) time O(deg (u) time

Enumerate all O(n) time E(deg(u) time
neighbors of

Obe : For large sparse graphy , adjacency matrice
ie too

space inefficient

Example: Facebook graph n2 = 2 -91 billion?
= 8 .5x 10 " (millionTB



CONNECTIVITY In GRAPHS
-

* In there a path from a tou?

* Is G connected ?

* What are connected components ?



DEPTH FIRST SEARCH A- B C

-

visited [u) = FALSE Hi EW
·

EXPLORE (verten v)
visited [v] = TRUE

for each edge ( ,WIEE I
D E

if NOT visited [c]
EXPLORE (w]

&



DEPTH-FIRST SEARCH A- B C

- -

-

visited [u) = FALSE Hi EW
-

EXPLORE (verten v) I
D E

visited [v] = TRUE

for each edge ( ,WIEE

if NOT visited [w]
EXPLORE (w] exp love (A) (AB , AD]

↓
clove (B) (BA , BC, BD)ery

-- X
explore (C) (CB] explore (D) (DA,DB, DE)

&



DEPTH FIRST SEARCH
C

A- B
Visited [u) = FALSE HwEW

·

EXPLORE (verten v) D E

visited [v] = TRUE

for each edge ( ,WIEE I - a

if NOT visited (w)
EXPLORE (w] It

S(GRAPH G)
Visited [u] = FALSE Huf

for each verter y
IF NOT visited (v) : EXPLORE (M)



DEPTH FIRST SEARCH
-

-

A- B
C

Visited [u) = FALSE HwEW

·

EXPLORE (verten v) D E

visited [v] = TRUE

for each edge ( ,WIEE
- a

if NOTvisited (w]
EXPLORE (w] I It

S(GRAPH G)
Visited [u] = FALSE Huf

for each verter y
IF NOTvieited(v) : EXPLORE (v)



PROPERTY : Explore (u) visits exactly the vertices Y

euch that graph a has a path from to y.

ROF : 1) Verten v is visited

=>J a path froma
to y.

2)J a path fromu to x

=> Verten v is visited

SUPPOSENOT Assume y is NOT visited

Consider the path from I t Y

nam

let WK = first verten along path P that



is Not visited

Why is visited (i .e. Explore (1) is called

(Ky ,WK) is an edge => Explore (wa) is called

A CONTRADICTION !



CONNECTED COMPONENTS INAN UNDRECTED GRAPHV

-
-

C
A- B

- a

It
D E

Explore (verten v) DFS(Graph G)
visited (v) = TRUE visited [u]= FALSE HuEY
< num[v) = count count = 1

ot array cnum[n).

for each edge (v ,w)EEJ

if NOT visited [w] for vEV/
EXPLORE (W) if NOT visited[v]

EXPLORE (v)
count = count #1



CONNECTED COMPONENTS INAN UNDIRECTED GRAPHV

- -
-

I ↳ [

A- B
C 2 2

- a

It 3

1D
E ⑬

I

Explore (verten v) DFS(Graph G)
visited (v) = TRUE visited [u]= FALSE HuEY
< num[v) = count count = 1

ot array cnum[n).

for each edge (v ,w)EE
if NOT visited [w] for vEV/

EXPLORE (W) if NOT visited [v]
EXPLORE (v)
count = count #1



DES SEARCH TREE ⑤

⑬ A
/ I !-d F

c
D



RUNTIME O ES

1) Only call EXPLORE(v) once per verter

2) Runtime of Explore (v)
* Set visited [v) = TRE (1) time

* enumerate v's neighbors

O(deg (v) time

total = [0(I+ deg(y)) = 0 (n + m) time



DFS in DIRECTED GRAPHS
-

tree

B A C --- C

ac -

D E · "forward cross
E----

Explore (verten v) DFS(Graph G)
visited (v) = TRUE visited [m]= FALSE HuEY

&

for each edge (v ,w)EE
if NOT visited[w] for vEV/

EXPLORE (W) if NOD visited[v]
EXPLORE (v)

&



DFS in DIRECTED GRAPHS [1
,
103

-

tree
52
,7)

B A C --- C
[8
,
9)

ac -
D

[3 , 63 B
D E : forward

cross
[4
,
5)
E ----

Explore (verten v) DFS(Graph G)
visited (v) = TRUE visited [u]= FALSE HuEY

pre[v) = clock clock = 0

clock = clock + 1 int array pre[n] post(n]
for each edge (v ,w)EE
if Not visited (w) for vEV/

EXPLORE (W) if NOT visited [v]
post(v) = clock EXPLORE (v)

&

clock = clock + 1



PRE POST NUMBERS -

B

PreCA] PreCB] Poet(B] PreC) PreCDS Poetly) Pretto Pos[A]

& ] [[ 335
TIME

Edge : u-

[[ 2. ] = Tree Or Forward Edge
W Y W

Ih Back Edge

& E IMPOSSIBLE



[E = CROSS EDGE

] = IMPOSSIBLE

Observation : For all edges a-1
-

post[u) < post[v] if and only if
n- y is a back edge



DIRECTED ACYCLICD GRAPHS
-

"Directed graphs with NO directed cycles"

Application :

1) Modelling Dependencies/Pre-requisites
quisites

Example1 : Course prerequisites

Example 2: Source files for

Compilation



Application 2 : Partially Ordered Sets.

--
-

3
2

I
4

BanA < BorB

if A fits inside B.

* partial order on Ga ... and is a relation Y
where if we create a directed graph

ai + a ; wherever aiy, a;

then its a BAG.



OPOLOGICAL SORT [LINEARIZATION]
-

INPUT : A directed acyclic graph G = (X
,E)

output : An ordering of vertices so ALL edges

go from LEFT to RIGHT

Ca .k .a . "LINEARIZE"the DAG]

A B
C

BA D 2 E

D E

-
B DC E A



OPOLOGICAL SORT
-

INPUT : A directed acyclic graph G = (X
,E)

output : An ordering of vertices so ALL edges

go from LEFT to RIGHT

ALGORITHM :

1) Run DFS to compute Pre & Post values

2) Sort vertices in decreasing postvalves



PROOF OF CORRECTNESS :

1) By Observation earlier

postfu) <postfu) if and only if a -> Y
is a back edge
-

2) DAG has NO back edges

=> Hedges u+ ↓ postfu) < post[v]

=> All edges are from LEFT to RIGHT when

vertices are ordered in decreasing post values


